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ABSTRACT

ARTICLE HISTORY

In Markowitz’s (1952) portfolio theory, a reduction in volatility for a given
level of expected return is implied as being equivalent to an increase in
diversification. The recent development of risk-based portfolio
construction methods, which emphasise diversification separately from
volatility reduction, challenges this equivalence. Using a point-in-time
database of liquid equities listed on the Johannesburg Stock Exchange
between 1998 and 2016, a numerical simulation technique is employed
to study the behaviour of a range of diversification measures as a
portfolio-level attribute and assess and compare their usefulness in
estimating out-of-sample portfolio volatility. The empirical performance
of maximum diversification portfolios based on each measure is then
investigated. It is found that a portfolio’s diversification level is a
significant predictor of future portfolio risk beyond that of historic
volatility, and that the empirical performance of maximum diversification
portfolios, attractive in all cases, depends critically on the definition of
diversification applied.
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Introduction
Oddly enough, there exists no broadly accepted, unique, satisfactory methodology to precisely quantify and manage diversification. (Meucci, 2009, p. 2)
Since the 2008 global financial crisis there has been a surge in interest in risk-aware methods for
portfolio allocation that have volatility reduction, diversification or both as primary objectives.
Increased investor risk aversion, deterioration in the funded status of many institutional investors
and increased regulatory aversion to market risk may all be cited as contributory factors to the search
for methods that allow capture of an equity risk premium but at a lower risk level.
This paper will collectively refer to such methodologies as ‘risk-based portfolio methods’,
(RBPMs) calling attention to the one common feature missing from all of their designs: expected
returns inputs. Among these, the study will focus on:
1) the minimum variance portfolio (MV), of classic Markowitz (1952) and many others such as
Clarke, De Silva, and Thorley (2006);
2) the equal weighted portfolio (EW), exhaustively studied and confirmed as an important benchmark in DeMiguel, Garlappi, and Uppal (2006);
3) the equal riskcp (ERC) of Maillard, Roncalli, and Teiletche (2010);
4) the most diversified portfolio (MDP) of Choueifaty and Coignard (2008);
5) the maximum effective number of bets portfolio (EffBetsPCA) of Meucci (2009); and
6) the maximum effective number of linear torsion bets portfolio (EffBetsMLT) of Meucci, Santangelo, and Deguest (2013).
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As succinctly articulated by Lee (2013), these methodologies do not introduce any new nonreplicable and non-redundant return sources nor do they offer any new asset pricing theories that
enhance the forecasts of returns. Their value resides in the domain of improved portfolio construction, where the resulting portfolios exhibit greater diversification and finer control over the portfolio
diversification structure than in traditional modern portfolio theory approaches such as Markowitz
(1952) and the many early attempts to improve thereupon such as Michaud (1998) and Tütüncü and
Koenig (2004).
Scherer (2010) and Lohre, Neugebauer, and Zimmer (2012) note that some of these RBPMs
derive their superior performance from factor exposures to the low volatility and low beta anomalies
of Ang, Hodrick, Xing, and Zhang (2006), and Frazzini and Pedersen (2014). The existence of the
low beta anomaly on the Johannesburg Stock Exchange (JSE) has likewise been demonstrated by
Van Rensburg and Robertson (2003). This study constrains its focus to investigate portfolio diversification as a measurable attribute and to assess its contribution to the estimation of out-of-sample
portfolio risk.
Diversification is intrinsically a multi-variate concept: it is difficult (but not impossible) to conceive of the notion of the diversification level of a single asset or position.1 So, to study the behaviour
of diversification, a large set of N-dimensional portfolios will be needed. The flexible numerical
method of random portfolio generation as applied in Clare, Motson, and Thomas (2013a) is well
adapted to this purpose, although refined here for increased sampling efficiency. In essence, a
large number of portfolios are created, whose weights are randomised, as if they could have been
chosen by monkeys throwing darts at a newspaper stock list (within reasonable investability constraints). In this study, this feasible opportunity set is then used as a sample space for the distribution
of the portfolio diversification level, whose relation to out-of-sample portfolio risk is then
investigated.
Furthermore, diversification is really hard to define precisely and, thus, to measure. Rather
than present a preferred definition upfront, this study will illustrate multiple competing definitions along with their operational measures, and allow the reader to discover the complexity
of the problem.
For each diversification measure D used in this analysis, there exists also a corresponding
optimal risk-based portfolio, x∗ (D), where x∗ is the 1 x N vector of optimal weights that maximises the diversification level D. Each of these portfolios are created and then tested against the
backdrop of the feasible opportunity set spanned by the random portfolio distribution. Each
portfolio x∗ (D) is then also evaluated on each of the other diversification metrics with the
non-surprising result of disagreement between the measures. The empirical out-of-sample performance of the x∗ (D) portfolios that maximise diversification under each measure are
contrasted.
Whereas a large and growing literature exists that investigates the ‘low volatility effect’ (see, for
instance, Martellini, 2013 for an excellent summary) and many previous studies explore the theoretical properties of diversification methods (see the references in the next section), the authors are
not aware of any prior published work that explicitly relates diversification level to portfolio volatility
or other portfolio attributes.
The rest of the paper is organised as follows. The next section outlines the theoretical issues
around risk decomposition that are relevant to understanding RBPMs. It proceeds via coherent
risk measures, the equivalence of popular risk measures, explores the case for the choice of a
given risk measure to the exclusion of some others and discusses the important Euler risk decomposition. It then introduces each diversification measure,D, its associated diversification distribution p
and the setup of the portfolio that maximises diversification, x∗ (D). The section following this contains details about the dataset and methodologies used. Empirical results for all RBPM portfolios
against the random portfolio distribution are reported in the penultimate section, along with
regression results showing the relationship between diversification and portfolio volatility. The
last section concludes with a summary of findings and some recommendations for further research.
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Risk-based portfolio construction
In the classic portfolio theory of Markowitz (1952) and others, a portfolio was said to be diversified if
its variance could not be reduced any further at the same level of expected return. This implies the
use of portfolio variance as a proxy for the diversification, such that if the variance (or volatility) is
low, the level of diversification is assumed to be high.
Right at the outset, it is possible to construe a counter-example: the left-most efficient portfolio on the frontier, the minimum variance (MV) portfolio typically suffers from high levels
of concentration (Chan, Karceski, & Lakonishok, 1999). It is also extremely exposed to estimation
error, leading to high turnover and sometimes a vastly different solution if the estimation window
is moved even one step forward, if left unconstrained (see for instance, Roncalli, 2014 and the
many references therein). Furthermore, knowing the risk level of a portfolio does not tell us
much about its diversification structure. To understand portfolio diversification, it is also necessary to decompose the portfolio risk into risk contributions by constituent sources2 and analyse
the diversification distribution.
This section proceeds as follows: a) the criteria for selecting a coherent risk measure that admits a
valid risk decomposition are briefly mentioned; b) the popular Euler risk decomposition is defined
and discussed and the equivalence of popular risk measures and their decomposition under certain
assumptions is demonstrated; and, c) the six diversification measures and their associated optimal
portfolios are elaborated upon.
Selecting an appropriate risk measure
Let R(x) be the generic as yet unspecified risk measure for portfolio x, where x is the vector of portfolio weights representing the portfolio choice. It is required that the risk measure R(x) be coherent,
according to the well-known criteria of Artzner, Delbaen, Eber, and Heath (1999), otherwise it will
not lead to a valid risk decomposition. Appendix A summarises these criteria.
Risk decomposition via the Euler theorem
Let a continuous and differentiable function f : Rn  R be a homogeneous function of degree one,
i.e. that for any constant c [ R , f (cx) = c · f (x), then the Euler theorem states that:3
f (x) = x1 ·

∂f
∂f
∂f
+ x2 ·
+ . . . + xn ·
∂x1
∂x2
∂xn

This is to say, any such function could be decomposed into the sum of the product of each
of its constituents and the first partial derivative with respect to each constituent. It is the product of each constituent (i.e. the weight of that constituent in the portfolio) and the partial
derivative with respect to that constituent that comprises the notion of an Euler risk contribution. As shown by Denault (2001), the Euler decomposition is not the only feasible risk
decomposition method and others may be suitable.4 However, it is the most generally used
and is well adapted for the identification of risk concentrations and portfolio optimisation
(see Tasche (2008) and the references therein).5 It is not without problems, however, as will
be noted below.
Equivalence of volatility, VaR, and CVaR in the Gaussian case
Roncalli (2014) demonstrates that in the Gaussian case the risk decompositions are all equivalent
for three popular risk measures of a) volatility, b) value-at-risk (VaR), and c) conditional value-at-risk
(CVaR), or synonymously, expected shortfall (ES). To see this, consider the case of a generic standard
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deviation-based risk measure in the familiar VaR form of [risk = −drift + scalar · diffusion], i.e.

SDc ; −x′ m + c · x′ Sx
Note
here that the standard deviation-based risk measure, SDc , is equal to portfolio volatility (in the
√
term, x′ Sx, where S is the covariance matrix and x the vector of portfolio weights) scaled by an arbitrary constant c, and then adjusted by the negative of the expected portfolio return −x′ m. A higher
expected return thus reduces the risk.
It is possible to similarly express Value-at-Risk as,

VaRa (x) = −x′ m + F−1 (a) · x′ Sx
where F−1 is the inverse normal cdf, f( · ) is the normal pdf and a the significance level. Conditional
value-at-risk (ES), can then be stated as:
ESa (x) = −x′ m +


f(F−1 (a)) 
· x′ Sx
(1 − a)

from which it becomes clear that each is a simple scalar transformation of the other with a different
value of scalar constant c.
This generic form of risk measure has two problems related to the inclusion of the drift (expected
return −x′ m) term:
(1) Portfolios are typically chosen with the expectation that the drift term should be positive. If
the investor has too optimistic a forecast of expected return, however, this may grossly
understate the risk of the portfolio, or the risk contribution of a constituent, which is
unacceptable.
(2) Dropping the drift term from the analysis is also necessary to make this general risk measure
coherent, in the sense of the Artzner et al. (1999) and Föllmer and Schied (2002) criteria. Artzner
et al. (1999) pointed out that the functional form including drift is ruled out by the monotonicity
criterion (see Appendix A).
It is for these reasons that this paper focuses on RBPMs that take volatility (represented in their
covariance S), rather than VaR or CVaR as the primary risk parameter. Valid analytical risk
decomposition methods do exist for downside semi-deviation and Cornish-Fisher VaR; see for
instance, Martellini, Milhau, and Tarelli (2014). These are not included here, particularly as their
estimation becomes problematic, through a dramatic reduction in the number of data points that
typically characterise their observation.

A definition of an Euler risk contribution
From the preceding discussion, take as risk measure the volatility of the portfolio:

s(x) ; x′ Sx
Via the Euler theorem, the vector of marginal risks is then:

∂s(x)
1
= (x′ Sx)−1 2 (2Sx)
∂x
2
Sx
= √
x′ Sx
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The risk contribution vector of the portfolio is then the weighted marginal risks, given as:
x (Sx)
RC ; √
x′ Sx
W

where is the Hadamard (element-wise)6 product. The Euler decompositions for VaR and CVaR
(ES) can be derived from the expressions in the text, in elementary notation, as:


(Sx)i
−1


√
RCi (VaR) = xi · F (a) ·
x′ Sx
W

and

RCi (ES) = xi ·


f(F−1 (a)) (Sx)i
· √
(1 − a)
x′ Sx

Finally, the Tasche (2008) full allocation property (risk contributions must sum to portfolio risk)
can be verified:
n

i=1

n


(Sx)i

xi · √
x′ Sx
i=1
Sx
= x′ √
x′ Sx

= x′ Sx
= s(x)

RCi =

Risk-based portfolio methods
This section presents the risk-based portfolio methods under study. It connects each diversification
measure D( · ) to an optimal portfolio x∗ (D), and discusses the diversification distribution p that is
present in its solution, where applicable. The diversification distribution characterises the risk contributions from each constituent as probability masses, ideally non-negative and summing to one.7
Equal weighting (EW)
Starting with the simplest of the diversification measures considered, the Herfindahl index of the
portfolio weights is defined as:
H(x) ; 1 − x′ x
The quantity x′ x (which was the original Herfindahl index as in Herfindahl, 1950), ranges
between 1 (fully concentrated) and 1/N (fully diversified). The transformation H(x) ; 1 − x′ x is
taken here in order to orient the measure in the same direction for consistency with all other
measures in this study, in which case the range is between 0 (fully concentrated) and 1−1/N
(fully diversified). The obvious problem with using the Herfindahl index on portfolio weights as a
measure of diversification is that it ignores the individual asset volatilities as well as the correlations
between different portfolio constituents. The portfolio that maximises H(x) is the equally weighted
portfolio (EW). There may, of course, be situations where the estimates of volatilities and correlations are so noisy as to make it preferable to abandon optimisation in favour of this extreme ‘uniform prior’ portfolio. The EW portfolio is defined as:
∗
;
xEW

1
for N [ RN
N
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This is an important benchmark for all the other RBPMs under consideration. DeMiguel, Garlappi,
and Uppal (2006) demonstrate that this portfolio often dominates many of the others in terms of
risk-adjusted return and turnover.

Equal risk contribution (ERC)
The next diversification measure, motivated by the possible shortcomings
 of H(x) is the Herfindahl
index of Euler risk contributions,8 again ranging between 0 and 1 − 1 N:
H(RC) ; 1 − RC′ RC
The portfolio that naturally maximises H(RC) is the equal risk contribution (ERC) portfolio, as
extensively studied in and Maillard et al. (2010) and Roncalli (2014). Whilst for N . 2 there exists
no analytical solution, the ERC portfolio can be solved by the non-linear convex minimisation:
∗
xERC
= argmin f (x)

s.t .1′ x = 1; 0 ≤ x ≤ 1
 n n
2
where: f (x) =
(x (Sx)i − xj (Sx)j )
i=1
j=1 i
where xi (Sx)i represents the scaled Euler risk contributions RCi .
The ERC portfolio has been found to have many appealing empirical properties, including a high
level of robustness to estimation error as well as relatively low turnover (see specifically, Demey,
Maillard & Roncalli, 2010).
There is an intriguing theoretical shortcoming to the ERC portfolio resulting from the Euler
decomposition, as first pointed out by Meucci (2009) and again in Meucci, Santangelo, and Deguest
(2013): the failure to guarantee non-overlapping risk contributions. Euler risk contributions represent differential contributions, i.e. a (weighted) change in portfolio risk for a small change in
the weight of a constituent, otherwise known as weighted marginal risks. So, each risk contribution
within an Euler decomposition will contain possibly spurious traces of risk contributions of every
other constituent. By analogy, it does not achieve clean ‘pie-charting’ of risk, and instead leaves
us with a pie chart that would appear as though it was painted by Claude Monet in impressionistic
watercolour with fuzzy overlapping boundaries.

Effective number of bets via PCA (EffBetsPCA)
It is in response to this problem of clean ‘pie-charting’ of risk that Meucci (2009) introduced the concept of the effective number of bets as a diversification measure. This approach transforms the original portfolio into a diversification distribution of independent factors, then condenses this
distribution into a single linearly scaled summary measure. It is worth covering in some detail.
Consider an arbitrary N-constituent portfolio represented by its weight vector x = (x1 , . . . , xN ).
The return on this portfolio is thus:
Rx ; x ′ R
Now take the case of an imaginary market in which there is zero dependence and the pairwise correlations all equal zero. In this instance, the variance of the portfolio is given by:
n
var ∗ (Rx ) ;
var(xi Ri )
i=1
where var ∗ ( · ) denotes the variance in this imaginary market, which is linearly additive in its sources
of risk. Of course, in the real world with non-zero correlations, this is not the case. However, it is
always possible to determine sources of risk that are uncorrelated and linearly additive. One method
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for doing so is to take a principal components decomposition of the covariance. Thus:
S = E′ LE
where L ; diag(l21 , . . . , l2N ) is a diagonal matrix of eigenvalues of S, sorted in descending order,
and E ; (ei , . . . , eN ) is the matrix of corresponding eigenvectors. The eigenvectors define a set of N
uncorrelated principal portfolios, as introduced in Partovi and Caputo (2004), whose variances are
decreasingly responsible for the risk in the original portfolio under consideration. The eigenvalues
summarised in L are the variances of these principal portfolios. The principal portfolio returns R̃
can be expressed by taking a linear transformation of the original returns, via:
R̃ ; E−1 R
Note also that the original portfolio can be represented as combinations of the original securities
with weights x, as Rx ; x′ R, or as combinations of the principal portfolios, taking a linear transformation of the original security weights, as x̃ ; E−1 x, arriving at the equivalence, Rx ; x′ R = x̃′ R̃.
That is to say, the portfolio return is the weighted sum of either the original security weights and
their returns, or that of the principal portfolio weights and their returns.
Since the principal
portfolios are uncorrelated by definition, the total portfolio variance is given

by var(Rx ) = Ni=1 y, where vi refers to an entry in the variance concentration curve:

yi ; x̃2i l2i

∀i = 1, . . . , N

where each entry yi represents the variance due to the ith principal portfolio. Then, by normalising
the variance concentration curve by the portfolio variance, we have the diversification distribution:
pi ;

x̃2i l2i
var(Rx )

∀i = 1, . . . , N

A well-diversified portfolio will have probability masses pi that are close to uniform, and in the
limit case of maximum diversification, equal to 1/N. At the other extreme, if the portfolio risk is
highly concentrated on one principal portfolio, the diversification distribution displays a sharp
peak in this region with zero mass everywhere else.
Finally, take the exponential of the Shannon entropy, SE( · ) of the diversification distribution
pPCA , with the subscript in pPCA identifying the diversification distribution as resulting from the
effective number of bets via PCA (DPCA ) method:
DPCA ; exp{−p′PCA logpPCA }
This allows us to interpret the resulting quantity in an intuitive way as the effective number of
independent bets, N eff . In the limit of full concentration, DPCA = 1. At the opposite extreme of
full diversification, DPCA = N.
It is possible to solve a portfolio that is maximally diversified according to this measure, by maximising DPCA , via:
∗
xPCA
= argmax f (x)

s.t .1′ x = 1; 0 ≤ x ≤ 1
where: f (x) = exp{−p′PCA logpPCA }

Effective bets via minimum linear torsion (EffBetsMLT)
The preceding effective number of bets is an appealing conceptualisation of diversification, as it contains all important aspects of the problem, viz. weights, volatilities, correlations, dimension reduction
into factors, clean pie-charting of risk and a linear summary index to precisely quantify the
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diversification level. Yet it has certain drawbacks of its own – mostly related to the use of the principal components decomposition within its solution. In a follow-up paper criticising this method,
Meucci, Santangelo, and DeGuest (2014) develop an alternative to get around the following shortcomings of the Effective Number of Bets (PCA) approach: 1) instability in estimation of especially
the lower eigenvalues, 2) lack of invariance under scale transformations, 3) non-uniqueness as
demonstrated in DeGuest, Martellini, and Meucci (2013), if en is one of the eigenvectors, then so
is − en , allowing for 2N possible solutions, 4) difficulty in interpreting purely statistical factors,
and 5) counter-intuitive results at certain limits.
To illustrate this last point of counter-intuitive results,
 Meucci et al.
 (2014) suggest the following
1
1
, ···,
, in an artificial market where
experiment. Consider the EW portfolio where xEW ;
N
N
all assets have equal volatilities and the correlations are all uniform, i.e.:
Si,j =

rs2 , ∀ i = j
s2 , ∀ i = j

In this homogeneous market, if the uniform correlation is close to zero, it should be expected that
the EW portfolio is well diversified, with an effective number of bets close to the number of assets,
N eff ≈ N. Instead, the EW portfolio displays maximum concentration, N eff (EW) ≈ 1. This counter-intuitive result occurs because the exposure of the EW portfolio to the first principal component
completely dominates its diversification distribution. See Meucci et al. (2013) for the proof. This will
be important in the interpretation of the empirical results in the last section of the paper.
As a solution to the shortcomings of the effective number of bets via PCA (DPCA ) approach,
Meucci et al. (2013) introduce the concept of effective number of bets via minimum linear torsion,
as follows. First, note that the diversification distribution of the DPCA approach could be restated in
the following form:
pPCA ;

(E′ −1 x) (E′ Sx)
x′ Sx
W

Now, the matrix of sorted eigenvectors, E, can be interpreted as a torsion matrix, which applies the
principal components torsion to the original weights x, the objective being a de-correlating transformation. Of course, torsion via E is not the only decorrelating transformation that can be performed and it is here that Meucci et al. (2013) introduce a decorrelating transformation that least
disrupts the original weights (or more generally, exposures), viz. the minimum linear torsion. The
optimisation algorithm is a special case of a quadratically constrained quadratic program, related
to the solution of the orthogonal Procrustes problem of Schoenemann (1966). It solves for a new
torsion matrix tMT that minimises the tracking error to the portfolio defined by the original weights
(exposures), such that:
tMT = argmin NTE{tx, x}
u.c. C(tx) = INxN
where NTE{ · } is the normalised tracking error, the constraint C(tx) = INxN , where C(tx) is the correlation matrix of the transformed weights tx, and I the identity, imposes the decorrelation. The
authors offer a very efficient algorithm for solving this optimisation, even in high dimension –
refer to Meucci et al. (2013) for details.
The result is a diversification distribution that can be expressed as:
pMLT ;

′
(tMT ′ −1 x) (tMT
Sx)
′
x Sx
W
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From here, using the same logic as for the DPCA method, take the exponential of the entropy
SE( · ) of this diversification distribution, to summarise it into a single index number that ranges
between 1 (concentrated) and N (fully diversified):
DMLT ; exp{−p′MLT logpMLT }
By maximising DMLT we are able to solve a maximum diversification portfolio:
∗
xMLT
= argmax f (x)

s.t .1′ x = 1;

0 ≤x≤1

where: f (x) = exp {−p′MLT logpMLT }

Diversification ratio and most diversified portfolio (MDP)
Taking a slightly different approach, Choueifaty and Coignard (2008) define the diversification ratio,
DR, as the weighted average volatility divided by the portfolio volatility:
x′ s
DR ; √
x′ Sx

√
The DR measure has a range of DR = 1 for full concentration and DR = N for maximum
diversification. It is interesting to note that DR is the same concept as the Tasche (2008) diversification index, albeit that the latter is inverted with the weighted average volatility in the denominator.
Tasche (2008) makes the important observation that whereas it is straightforward to see that
DR = 1 in the case of full concentration, it is not easy to specify how away from one (1) DR
needs to be for the portfolio to be considered ‘diversified’. It would thus be incorrect to infer any
absolute level of diversification from this measure, and rather construe it as an indication of the
extent to which diversification potential is being realised by the given portfolio x.
The portfolio that maximises this ratio is then called the most diversified portfolio, solvable via:
∗
= argmax f (x)
xMDP

s.t .1′ x = 1; 0 ≤ x ≤ 1
x′ s
where: f (x) = √
x′ Sx
Unfortunately, to the best knowledge of the present authors, it is not possible to decompose the
DR into risk contributions, and no diversification distribution p exists for this measure.
Minimum variance (MV)
For completeness, the minimum variance portfolio (MV) is added to the analysis, familiar as the leftmost point on the classic Markowitz (1952) frontier (excluding the risk-free asset). This portfolio can
be solved analytically, via:
∗
;
xMV

S−1 1
1′ S−1 1

Missing from the MV portfolio specification, is an explicit diversification measure and the notion
of a diversification distribution. The MV portfolio maximises the uniformity of marginal risks
Sx
x (Sx)
√, and not the risk contributions √ and, as marginal risks do not sum to anything inter′
x Sx
x′ Sx
pretable, it is not possible to define a diversification distribution p for the MV portfolio.
W
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Table 1. Summary of diversification measures, distributions and maximum diversification portfolios.
Diversification measure: D
Herfindahl index on weights
Herfindahl index on risk contributions

D ; 1 − x′x
′

D ; 1 − RC RC
′

Number of effective bets (PCA torsion)

xs
D ; √
x ′ Sx
D ; SE( pPCA )

Number of effective bets (minimum
linear torsion)
Portfolio volatility*

D ; SE( pMLT )
√
D ; s(x) = x ′ Sx

Diversification ratio

Diversification
distribution: p

Definition of D
p;x

x W (Sx)
p ; RC = ′
x Sx
N/A
pPCA ;

(E ′ −1 x) W (E ′ Sx)
x ′ Sx

pMLT ;

′
(tMT ′ −1 x) W (tMT
Sx)
x ′ Sx

N/A

Objective function
of x ∗ (D) portfolio:
∗
xEW
= 1/N
∗
= argmin(RCi − RCj )
xERC
 ′ 
xs
∗
= argmax √
xMDP
x ′ Sx
∗
= argmax (exp {SE( pPCA )})
xPCA

∗
= argmax (exp {SE( pMLT )}).
xPCA
∗
xMV
=

S−1 1

1′ S−1 1

Notes: Table 1 compares the six different diversification measures D under consideration, showing in each case the definition of
diversification employed, the diversification distribution p used in the estimation of D, if applicable, and the objective function to
the maximally diversified portfolio x ∗ (D) correspondingo each measure. RC is the Euler risk contribution; SE( · ) is the Shannon
entropy; x is the vector of weights and S the covariance. Neither of the diversification ratio (associated with the MDP portfolio)
nor portfolio volatility (MV portfolio), admits a defined diversification distribution p. *The portfolio volatility is not a proper diversification measure, but added here to contextualise the MV portfolio.

Data and methodology
Whereas the methods are fully general and can be applied to any market, the empirical part of
this study focuses on equity securities from the Johannesburg Stock Exchange (JSE) over the time
period March 1997 to September 2015. A daily point-in-time database was reconstructed from the
JSE, Bloomberg® and Thomson Reuters Datastream® data, taking into account every ticker that is
known to have existed over this time, to minimise survivorship bias. To illustrate the scale of the
potential survivor problem, consider that the total unique ticker list in the present database contains 900 stocks, whereas FTSE/JSE All Share Index, the popular market benchmark, contains
only 167 stocks at this time. This is especially important as the behaviour of individual stock
volatility is indirectly studied, and high volatility stocks tend to disappear from the databases.
Daily total return data are used for the analysis and differences between different data vendors
reconciled.
From the total universe existing at each time, a reduced, eligible universe was filtered, according to
two liquidity filters. First, the universe was sorted on a 250-day simple moving average of
value traded, and then cut at rank number 60, producing an eligible subset of N = 60. Second, a
zero-trade day filter set at 15% was applied such that any security with a number of non-trading
days greater than 15% of the sample length was excluded. This resulted in a final eligible universe
of varying N [ [35, 60]. These filters are deliberately set to be quite strict on liquidity, as the objective is to produce results that are of practical relevance to large investors or risk managers. It would
be futile to deliver results on which no significant real money could be traded, given the low liquidity
experienced beyond the top 60 stocks on the JSE.
Portfolios were then formed from this final eligible universe: either random portfolios, as
below, or risk-based portfolios, as defined in the second section. Training window sizes
for risk estimation were all set uniformly across all methods at trailing 250 trading days, and
out-of-sample holding periods varied over t = {20, 60, 125, 250} trading days, as shown.
Rebalancing occurred on a uniform schedule with exact day count at the end of each out-ofsample horizon. The sample covariance matrices were left relatively untreated9, except for a
filtering process via a Cholesky decomposition to set to zero any negative eigvenvalues, which
would otherwise make the effective bets measures undefined. Diversification measures in all
instances were normalised over the range [0, 1] via a uniform cdf, preserving their shape
while allowing comparison.
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Random portfolios
Given that this study is interested in the behaviour of diversification itself as a portfolio attribute,
sampling from a limited number of existing portfolios (among, e.g., real institutional investors)
would not be adequate. In order to fully characterise the opportunity space of the market, a vast
number of portfolios of widely varying characteristics at each time is needed. The random portfolio
generation method of Clare, Motson and Thomas (2013a)10 is selected for this purpose. It is the ability of the random portfolio distribution to characterise the distribution of the diversification attribute, along with its ability to provide a non-parametric context for performance evaluation of the
RBPMs that is of interest here.
A numerical experiment similar to Clare, Motson and Thomas (2013a) is set up, albeit with some
methodological enhancements to improve the efficiency of the random sampling, using non-linear
stratification. At the start of each rebalance period, of length t = {20, 60, 125, 250} one stock is
sampled at random from the variable N [ [35, 60] eligible universe and assigned a random weight

Table 2. Regression results of out-of-sample volatility on in-sample volatility and diversification.

(Continued)
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Table 2. Continued.

Notes: Table 2 reports univariate regression results of in-sample portfolio volatility on out-of-sample sT+t
sT , univariate regression results of in-sample diversification level (as measured by each definition) on out of sample volatility
sT+t
D( · ), and multivariate regression results of both in-sample volatility and diversification on out-of-sample
sT + D( · ). Data points for the regressions are the volatility and diversification levels of the 500
volatility sT+t
stratified random portfolios at the end of each rebalance point, as created via the numerical method described in Section 3. Bold numerals indicate significance and Newey-West t-statistics are given in italics. Boxes for the DPCA method
highlight the opposite sign on the slope coefficients. Out-of-sample holding horizons are respectively, 60, 125 and 250
trading days in panels A, B, C and D.

increment f
uniform [0, 0.15]. That stock is then replaced and another drawn randomly and
awarded weight increment f. The process is repeated until the budget constraint 1′ x = 1 is reached.
The random weight increment ensures that a wide variety of portfolios is sampled, some with very
fine distances between the weights and close to 1/N, and some with large steps between the weights
and holding positions in only a few securities. All weights are constrained to be positive and less than
20% in any individual position. Five thousand such portfolios are created for each rebalancing
period, totalling 1.83 million portfolios over four different holding periods. These are then ranked
in order of mean absolute deviations from 1/N weights for each period, and then stratified via a
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Figure 1. Evaluation of each maximum diversification portfolio on every diversification measure.
Notes: Figure 1 illustrates the evaluation of each maximum diversification x ∗ (D) portfolio against every diversification measure D. The diversification
measure applied appears at the top of each radar chart, and the maximum diversification portfolios of each measure, x ∗ (D) appear on the axes.
Portfolio volatility appears in the final chart and differently shaded lines represent each rebalance point of size t = 125 days, over date range
1997−2015. Other holding period lengths are omitted for brevity. Diversification measures D are scaled and normalised over D [ [0, 1].

non-linear index,11 to select a final 500 portfolios for each rebalancing period. These final 500 portfolios are placed and then held until the next rebalancing point where the process is repeated for all of
time t = 1, . . . T. All regression results are based on these 500 portfolios at each rebalancing point.
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Figure 2. Long run terminal portfolio values of random portfolios vs RBPMs (Mar-1997 = 100).
Notes: Figure 2 contextualises the long run performance of the random portfolio distribution against the various risk-based portfolios (RBPMs). Terminal values at Sep-2015 are shown, indexed to a starting point of 100 at Mar-1997. For instance, the equally weighted portfolio (EW) achieves a
terminal portfolio value of 1 250 index points starting from 100 in Mar-1997. Holding period horizon is 125 days for random portfolios as well as
RBPMs. The empirical pdf (Random pdf) is the empirical density of the monkey portfolio distribution (random portfolios) on the left-hand scale
and the empirical cdf (Random cdf) its cumulative (on the right-hand scale).

Empirical results and discussion
Table 2 reports regression results of out-of-sample volatility regressed on in-sample portfolio
volatility and diversification level, both in a univariate as well as a bivariate explanatory variable
setting. Note across all four holding period horizon lengths t = {20, 60, 125, 250}, that portfolio volatility is mean-reversionary, with slope coefficients on in-sample volatility as a sole explasT , being in the range of 0.81 to 0.85, i.e. less than one. The results
natory variable, sT+t
also indicate a significant relationship between in-sample diversification level and out-of-sample
volatility, sT+t
D( · ), for all horizons. It turns out that portfolio diversification level is a
useful predictive variable of future portfolio volatility, even as far out as a 250-day horizon. In
a bi-variate model where in-sample portfolio volatility and diversification are related to outof-sample portfolio volatility, prior volatility is associated with the larger absolute t-statistics
but the diversification level includes additional information not present in the estimate of insample volatility alone. It is noted that among the diversification measures, and judged by the
magnitude of its t-statistic in combination with prior volatility, the simple Herfindahl Index
on portfolio weights H(x) appears to be the strongest predictor of future volatility. Nevertheless,
the explanatory power of all pairs of diversification measure and prior volatility in combination
are similar within each time horizon. Their forecasting ability (R 2) appears to increase as the time
horizon gets longer. Among the diversification measures, the notable exception is the
DPCA measure (shown in boxes) which has an opposite signed slope to every other measure,
both in univariate and bivariate contexts.
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Figure 3. Index values of RBPM portfolios against the random portfolio distribution.
Notes: Figure 3 shows the evolution of index values in log scale of the risk-based portfolios (variously shaded lines) and that of all the random portfolios (grey lines) from inception in 1997 to Sep-2015.

Figure 1 shows the evaluation of each maximum diversification portfolio x∗ (D) on each diversification measure, at every rebalance point of a 125-day horizon (omitting other holding
periods for brevity) over date range 1997 to 2015. Some structure among the different methods
starts to emerge. Notice for instance that the EW and ERC portfolios tend to maximise the
spread of capital toward 1/N allocation, as both score highly on each other’s measure, respectively, H(x) and H(RC), across all time periods. The EffBetsMLT portfolio scores highly on H(x)
and H(RC) as well, perhaps not surprisingly, as the EW portfolio was used as a ‘seed’ value from
which to perform the minimum linear torsion. What it does show is that EffBetsMLT is unable
to move very far from the diversification profile of EW, if seeded with the EW portfolio. On the
DPCA measure, every other portfolio other than EffBetsPCA is highly concentrated, except for
itself. The DR measure seems to show low levels of variation across time for all portfolios,
and appears typically biased toward the more concentrated end of its scale. The DMLT measure
shows tight clustering for the EW and ERC portfolios, and wide ranges for the EffBetsPCA and
MV portfolios, placing the EffBetsPCA portfolio near the concentrated end of the range. Notice
also that the volatilities of the EffBetsPCA portfolio are mostly in range of the MV portfolio,
with some exceptions.
Figure 2 shows the terminal values of each of the maximum diversification x∗ (D) portfolios
against the random portfolio distribution. Certain of the risk-based portfolios substantially dominate high quantiles of the random portfolio distribution. Particularly interesting is that the EffBetsPCA portfolio dominates every one of the portfolios in the ‘monkey-portfolio’ distribution, as
well as every other RBPM under study. Figure 3 shows the evolution of index values in log scale,
and Table 3 shows the performance statistics of all the RBPMs, and illustrates how the findings are
robust in the holding period horizon. Note how the EffBetsPCA dominates all others in terms of
geometric mean return, Sharpe ratio and recovery time from maximum drawdown, albeit at
slightly higher volatility. The EffBetsPCA portfolio appears to become stable after a 125-day horizon with acceptable levels of turnover beyond this point. It appears also to have the least negative
skew of all the RPBM portfolios. The EffBetsMLT portfolio appears to fall below the EW portfolio
in performance. Note that it was based on the EW portfolio as a starting point from which to
apply the torsion optimisation. It appears that the minimum linear torsion optimisation failed
to add value to the EW portfolio baseline.
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Table 3. Maximum diversification (RBPM) portfolio performance statistics.

(Continued)
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Table 3. Continued.

Notes: Table 3: shows the performance statistics of all the RBPM portfolios over four different holding period horizons
t = {20, 60, 125, 250}. Sharpe ratios are expressed as return / variability, i.e. with a risk-free rate of zero. Maximum
drawdown is measured from previous peak to trough and maximum drawdown (MDD) recovery is measured from
trough to full recovery of previous peak.

Conclusion
This study investigates the relationship between equity portfolio diversification level and volatility. It shows that in-sample portfolio diversification across a range of metrics is a significant
predictor of out-of-sample portfolio volatility over multiple holding period horizons from 20
to 250 trading days and that there is information in the current portfolio diversification level
beyond that captured by historic portfolio volatility alone. A mean reversionary relationship
between in-sample and out-of-sample portfolio volatility is observed. Six different definitions
of portfolio diversification are discussed and each paired with a maximum diversification
portfolio that maximises each. The out-of-sample performance of the maximum diversification
portfolios is found to be typically very good, in some cases dominating high quantiles of the
random portfolio distribution.
The DPCA portfolio shows an opposite relationship between volatility and diversification to all
other maximally diversified portfolios. At first glance this might be interpreted as disagreement on
the relationship of volatility and diversification. This would be mistaken. Instead, this finding
could be interpreted as disagreement about what it means to be diversified. As discussed in the second
section, Meucci et al. (2013) demonstrate that under restrictive conditions of uniform volatilities and
low uniform pairwise correlations rij ≈ 0, the equally weighted (EW) portfolio loads almost entirely
on the first principal component, which, according to the DPCA measure, will then have a diversification distribution p with all its mass on the first principal portfolio and nothing anywhere else. This
exposes the EW portfolio to a shock to a single factor, typically called the ‘market factor’. The maximum diversification portfolio related to the DPCA measure then tries to move away from this, in contrast to almost all the other portfolios that reward a spread of capital in the direction of the EW
portfolio in their diversification measures. It is intriguing that the empirical performance of the
x∗ (D) portfolio that maximises diversification according to this measure, dominates that of all
other maximum diversification portfolios, in terms of absolute return, risk-adjusted return, maximum drawdown length and recovery times, and distributional skewness, albeit at a higher volatility
level. It also does so at acceptable turnover levels relative to the other methods at horizons greater
than 125 days.
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Which risk would you like to diversify?
The level of analysis is important. Roncalli and Wiesang (2012) illustrate this problem with an
insightful thought experiment under the heading ‘Which risk would you like to diversify?’ (see
Appendix B for details.) The authors show that that by constructing a set of linear combinations
of assets, i.e. factors, out of some primary assets and conducting the diversification analysis, the portfolio is either highly concentrated or very diversified depending on the level of analysis. The Euler
decomposition appears incapable of informing a decision here. Curiosity should be piqued about
whether it is risk contributions from assets, from correlated and overlapping risk factors, or from
independent factors, that we would like to diversify.
This is not the first time the empirical dominance of the effective number of bets (EffBetsPCA)
portfolio is observed. Lohre, Neugebauer, and Zimmer (2012) come to the same conclusion in a
developed market study of S&P500 equities from 1989 to 2011.12 Furthermore, it may be the case
that the DPCA measure is especially well adapted to analysing markets in which a small number of
independent primary risk factors exist. If so, a clue may be found in the early work of Van Rensburg
and Slaney (1997) who demonstrate that the JSE equity market risk could be well characterised by
two distinct independent risk factors proxied by the returns of the Financial-Industrial and
Resources sectors. It is possible that the DPCA measure allows its associated maximum diversification
portfolio to efficiently exploit this risk structure.
Lastly, all of these risk-based portfolio methods will benefit, but not equally, from methods to discriminate between signal and noise in the covariance estimation. Some are significantly more robust
to estimation error. But with robustness comes insensitivity to the evolving information set. Filtering
the noise while retaining the greatest amount of actionable information for risk-based portfolio construction is the challenge. This topic is left for further research.

Notes
1. Ang (2014) proposes a conceptual framework for assets as ‘bundles of factor exposures’, suggesting the single
security might not be the most granular unit of analysis that could be used.
2. Throughout the text, reference will be made to the generic ‘constituent sources’ rather than ‘assets’. This is to
reinforce that the techniques discussed herein are fully general and can accommodate asset-based portfolio or
risk management where the basic unit of analysis is securities, or factor-based management where the problem
is denominated in risk factors.
3. A homogeneous function is a function with multiplicative scaling behaviour: if the function argument is multiplied by some factor, then the result is multiplied by some power of this factor. A homogeneous function of
degree one is a function such that t = 1 in f (cx) = ct · f (x). Risk measures that are homogeneous of degree one
are suitable for decomposition via the Euler theorem, hence the emphasis on using coherent risk measures.
4. In this very interesting paper, Denault (2001) shows that methods from game theory, specifically the AumannShapley value from which the author derives a coherent allocation principle, are eloquently well adapted to
addressing the portfolio allocation problem. The Hoefding decomposition of Rosen and Saunders (2010) is
another alternative well adapted to non-linearities in the portfolio risk.
5. Tasche (2008) also introduces two required properties of a coherent risk decomposition, viz. full allocation and
risk-adjusted performance measure compatibility, which are useful criteria on which to assess the quality or risk
decomposition. It is sufficient that the Euler allocation satisfies both.
6. The Hadamard product is a binary operation that multiplies two matrices of the same dimensions, and produces another matrix in which each element ij is the product of elements ij of the original two matrices.
7. One difficulty with the Euler decomposition is that the diversification distribution may not always sum to one,
owing to negative weights or negative correlations among the constituents.
8. One could equally take the exponential of the Shannon entropy of the risk contributions, as
SE(RC) ; exp {−RC′ log(RC)}, albeit that this measure will be undefined in the presence of negative risk
contributions, making it unsuitable for use with the Euler decomposition. Negative risk contributions occur
either as a result of negative correlations, or in a factor-based paradigm, owing to the presence of negative
exposures to factors.
9. It is common in practice to shrink or regularise the covariance matrices in use, or otherwise estimate the covariance from factor models, in order to control estimation error. The covariance matrices in use here were left as
raw as possible, since the amount of implicit shrinkage (and more generally, exposure to estimation error),
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varies by RBPM, making it necessary first to establish a raw benchmark. The precise exposure to estimation
error and the response of each RBPM to improved estimation methods is left to further research.
10. This is not the first application of random portfolio generation, as a similar method was employed by Van
Heerden and Botha (2012), adapted from Surz (1994), although the context here is more specific.
11. The non-linear index is required to compensate for the tendency of the sampling to cluster around 1/N weights
via the Central Limit Theorem, especially as N gets large. The stratification index takes a square-root of a 500point linear index between 1 and 5 000, then rescaled over the range 1:5 000. Both the randomness in the weight
increment and the non-linear stratification allow us to reach much further into the corners of the feasible
opportunity set, unlike the Clare, Motson, and Thomas (2013a) results that are tightly clustered around 1/N
weights.
12. This portfolio is called ‘Diversified Risk Parity’ in Lohre, Neugebauer, and Zimmer (2012).
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Appendix A: Criteria for coherent risk measures
Artzner, Delbaen, Eber and Heath (1999) label the generic risk measure R(p) ‘coherent’ if it satisfies all of the following
properties. An interpretation of each is offered. Given the future profit and loss of a portfolio position, p1 and p2 , we
have:
1. Translation invariance: R( p − m) = R(p) − m
Adding a cash amount m to the portfolio reduces the risk by that amount.
2. Sub-additivity: R( p1 + p2 ) ≤ R( p1 ) + R( p2 )
There should be a degree of netting of exposures when combining two risky portfolios, such that their combined risk
level is less than the sum of their separate risks.
∀ l≥0
3. Positive homogeneity: R(lp) = l · R(p)
Leverage, or scaling the portfolio allocation by a positive constant l, increases the portfolio risk by the same magnitude. Specifically, this refers to the property that the risk measure is homogeneous of degree one, as in endnote 3.
4. Monotonicity: If : p1 ≺ p2 then R( p1 ) ≥ R( p2 )
If portfolio p2 has a better payoff profile than portfolio p1 under all future states of the world, then the risk of p1 is
greater.
Important for the purpose of risk decomposition, is the subsequent addition by Föllmer and Schied (2002) of the convexity property. For R(x) to be convex, we should have:
for 0 ≤ l ≤ 1
5. Convexity: R(lp1 + (1 − l)p2 ) ≤ lR( p1 ) + (1 − l)R(p2 )
The convexity property stipulates that diversification should not increase the risk. This can be illustrated by reference
to the weaker requirement of quasi-convexity, that:
R(lp1 + (1 − l)p2 ) ≤ max (R( p1 ), R( p2 ))

for 0 ≤ l ≤ 1

This means that the diversified combination of two different risky asset positions should not exceed the risk level of
the highest risk position.

Appendix B: Risk decomposition depends on the level of analysis
Roncalli and Weisang (2012) design an instructive experiment, from which the following is adapted, to answer the
question: Which risk would you like to diversify?
Suppose we have a set of primary assets: (A′1 , . . . , A′n ), with covariance matrix V. Now let us define a set of synthetic assets, A1 , . . . , A2 , that are all composed of the primary assets. We also have a weight matrix W = (wi,j ) such
′
that wi,j is the weight of the primary asset A′j in the synthetic
n asset Ai . Think of Aj as a stock and Ai a stock index or
′
ETF of which Aj is a member. By construction, we have i=1 wi,j = 1, and, as a result, the covariance matrix of the
synthetic assets S = WVW ′ .
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Now √
consider
 a portfolio x = (x1 , . . . , xn ) defined with respect to the synthetic assets. It has portfolio volatility of
s(x) = x′ Sx and risk contributions of the synthetic assets i
(Sx)i

RC(Ai ) = xi · √
x′ Sx
We could define the same portfolio with respect to the primary assets. Its composition will then be
y = (y1 , . . . , ym ) with y = W ′ x. Likewise, we have the risk contributions of the primary assets j:
(Vy)j
RC(A′j ) = yj · 
y′ Vy
Suppose we have six primary assets, all of which uncorrelated. Their volatilities
s{A′j } = [20%, 30%, 25%, 15%, 10%, 30%]. We also have three equally weighted synthetic assets, where
⎛
⎞
.25 .25 .25 .25 0
0
W=⎝ 0
0 .25 .25 .25 .25 ⎠
0
0
.5 .5
0
0

are

Let us construct two portfolio, as follows: Portfolio 1 (as in Table B1) with weights x = {30%, 35%, 35%} in
the synthetic assets Ai , and Portfolio 2 (Table B2) with weights x = {60%, 38%, 2%} in the synthetic assets Ai .
Both portfolios have weights yj in the primary assets, A′j as shown, via y = W ′ x. We examine the marginal risks MRi ,
risk contributions RCi , and normalised risk contributions %RCi for each.
For Portfolio 1 we observe a well-diversified risk contribution structure across the synthetic assets, but extreme
concentration on primary asset A′3 . Portfolio 2 shows concentrated risk contribution on synthetic asset A1 , but exhibits a more uniform spread of risk contributions across the primary assets. This is a paradoxical situation, in which,
depending on the level of analysis, the portfolio is either well diversified or highly concentrated(!).

Table B1. Synthetic vs primary asset risk decomposition.
Portfolio 1: Synthetic vs Primary assets
A: Risk decomposition along synthetic assets A1 , . . . , A2

s(x) 16.07%
Ai
1
2
3

xi

MRi

RCi

%RCi

30.00%
35.00%
35.00%
100.00%

17.43%
15.49%
15.49%

5.23%
5.42%
5.42%
16.07%

32.53%
33.73%
33.73%
100.00%

B: Risk decomposition along primary assets A′1 , . . . , A′n

s(y) 16.07%
A′j
1
2
3
4
5
6

yj

MRj

RCj

%RCj

7.50%
7.50%
33.75%
33.75%
8.75%
8.75%
100.00%

15.49%
23.24%
19.36%
11.62%
7.75%
23.24%

1.16%
1.74%
6.54%
3.92%
0.68%
2.03%
16.07%

7.23%
10.84%
40.66%
24.40%
4.22%
12.65%
100.00%
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Table B2. Synthetic vs primary asset risk decomposition.
Portfolio 2: Synthetic vs Primary assets
A: Risk decomposition along synthetic assets A1 , . . . , A2

s(x) 16.65%
Ai
1
2
3

xi
60.00%
38.00%
2.00%

MRi
17.43%
15.49%
15.49%

RCi
10.46%
5.89%
0.31%
16.65%

%RCi
62.79%
35.35%
1.86%
100.00%

B: Risk decomposition along primary assets A′1 , . . . , A′n

s(y) 16.65%
A′j
1
2
3
4
5
6

yj

MRj

RCj

%RCj

15.00%
15.00%
25.50%
25.50%
9.50%
9.50%

15.49%
23.24%
19.36%
11.62%
7.75%
23.24%

2.32%
3.49%
4.94%
2.96%
0.74%
2.21%
16.65%

13.95%
20.93%
29.65%
17.79%
4.42%
13.26%
100.00%

